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ABSTRACT

Algebraic Structures such as Groupoids, Semigroups, Monoids,
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of real valued type 1 level 1 fuzzy sets with the aim of detecting the  keyworps

existence of properties such as closure, Commutativity, associativity, ~— Algebraic Structures, classical set, type 1
identity elements and inverses of elements and we derived level 1fuzzy sets, Semigroups, Groups
conclusions based on the observations made through the use of

illustrative examples.

INTRODUCTION

A Fuzzy set is a collection of objects
with various degrees of membership with respect
to the collection. Each element in the set is
expressed as an ordered pair comprising of the
element and its membership grade (or
membership degree or membership function). The
membership grade in each case takes value within
the interval [0, 1]. To construct algebraic
structures such as Semigroup and groups, binary
operations such as addition and multiplication are
required. In fuzzy set theory, these operations are
performed using special fuzzy arithmetic
operations using max-min logical operators.

PRELIMINARIES

Real valued Fuzzy Set:

This is a fuzzy set of the form A
={x;,mz(x;) /x; €X},1=1,2,3,,..n, where,
X € IR, myz (x;) €[0, 1] (Each my (x;) is the
membership grade of an element x; in A). Each
element is of the form @ = (x, mz (x)), where x
is a real number.

Type of a Fuzzy Set:

The type of a fuzzy set depends on the
nature of the membership grades of its elements.
For example, in a type 1 fuzzy set, the

membership grades of its elements are real
numbers within [0, 1]. For a type2 fuzzy set, the
membership grades of its elements are type 1
fuzzy sets.

Level of a Fuzzy Set:

The level of a Fuzzy Set depend on the
nature of the elements that are attached to the
membership grades in the set. For example, in a
real valued level 1 fuzzy set, the attached
elements are real numbers while in a level 2 fuzzy
set. the attached elements are type 1 fuzzy sets.

Type 1 Level 1 Real valued Fuzzy Set:

This is a Fuzzy Set of the form: A =
{xi,mg(Cq) /x; €X}, i=1,2, 3...n, where,
X € IR, ms(x;) € [0, 1]. Example 1.1 A =
{(3,0.5),(7,0.9),(6,0.3) }, Ais a typellevel 1
fuzzy set consisting of three elements

Arithmetic Operations in real valued type 1
level 1 Fuzzy Sets.

Given two elements @, b in the set of
real valued type 1 level 1 fuzzy sets A such that,
a=(x,m;) b=(ym,) where,x,y € IR,
my,m, €[0,1]
a+b=(x +y min(m;, my,))

a-b=(x —y min(m;, m,))
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a.b=(x.y,min(m;, m,))
alb=(x/y,min(m;, my))
METHODOLOGY

We present the applications of fuzzy
addition and multiplication operations on the
elements of some samples real valued type 1 level
1 real valued fuzzy sets with aim of detecting the
existence of Semigroup and Group properties
such as closure, associativity, identity element
and inverses of elements, possibility of
Commutativity among elements shall also be
examined. The additon and multiplication
operations were carried out using the fuzzy
additon  and  multiplication  operations
characterised by the use of max-min operators in
contrast with the algebraic sum and algebraic
product respectively. All conclusions shall be
made based on the outcomes derived from the
examples in the format; Example, Observation,
Lemma/ Theorem.

lllustrative Example

Let @, b, ¢ be three elements in the set
of real valued type 1 level 1 fuzzy sets A such that,
a=(7,04) b=(3,0.6) ¢=(50.2)

Applying the addition operation

a+b=(7 +3,min(0.4, 0.6)) =(10,0.4)

a + b is also a real valued type 1 level1 fuzzy set.
(closure property with respect to addition
operation satisfied)

b+a=(3 + 7,min(0.6,0.4))
=(10,0.4)=a+b

(Commutativity property with respect to addition
operation satisfied)

(@+b)+c=(7 + 3,min(0.4, 0.6)) +(5,0.2)
=((7 + 3)+5,min ((0.4,0.6),0.2)) = (15,0.2)
a+ (b +¢)=(7,0.4)+((3,0.6)+(50.2)
=((7 + (3 +5), min ((0.4,( 0.6, 0.2)) =
(15, 0.2). Therefore, (@ + b)+ ¢ = a+ (b + )
(Associativity property with respect to addition
operation satisfied)
Let I, =(0, 1)

at+ly,=(7,0.4) +(0.1) =(7+0, min (0.4, 1))
(7,0.4) = a. Similarly, I, + @ =(0. 1) +(7,0.4)
(0+ 7, min (1 0.4,)) = (7, 0.4) = @. Therefore a+I,
=yt a=aly=(0,1)is the fuzzy identity element
with respect to addition operation in the set of real
valued type 1 levell fuzzy sets.

Let @~ be the inverse of @ such that a+a~?* =I,
al=1,-a=(0,1)-(7,04) = (0-7, min(1, 0.4))
=(7,04)

Remark 1

Based on the above observations, Set
of real valued type1 level 1 fuzzy sets satisfies all
the properties of an abelian group with respect to
addition operation.

Applying multiplication operation
a.b=(7(3),min(0.4, 0.6)) =(21,0.4)

a. b is also a real valued type1 level1 fuzzy set
(Closure property with respect to multiplication
operation satisfied)

a=(3,06).(7,0.4) = (3(7), min(0.6,0.4))
=(21,04)=a.b
(Commutativity ~ property ~ with respect to
multiplication operation satisfied)

(21,0.4).(5, 0.2) = (21(5), min (0.4,
b.t=(3, o.é) (5,0.2) = (3(5), min (0.6, 0.2)) = (15,
0

a.(b.c)=(7,0.4)(15,0.2) = (7(15), min (0.4,0.2))
= (105, 0.2). Therefore (@. b).c =a. (b. )
(Associativity  property  with  respect to
multiplication operation satisfied)

Let; =(1,1)

a.l; =(x,my).(1.1) =(x.1, min (my, 1)) = (x,
my ) = a. Similarly, I . a= (1. 1).(x,m; ) = (1. x,
min(1m,,)=(xmy)=a

Thereforea. I, =1,.a=a

1, = (1, 1) is the fuzzy identity element with respect
to multiplication operation in the set of real valued

type 1 levell fuzzy sets.

Let @~ be the inverse of @ such that @.a=* = I,
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at="1/-= (1,107, 04) = (1/,, min(1, 0.4))

=(1/5,04)
This shows that the inverse of @ = (7, 0.4) is

(1/7.04)

Remark 2
If @ =(0,04),a*=(1/,,04) since
1/0 is not defined, @~* does not exists in this

case, which means only non-zero elements have
inverses in the set of real valued type1 level 1
fuzzy sets. Therefore, inverses of elements in the
set of real valued type 1 level 1 fuzzy sets does
not exists at some point in IR. Therefore, set of
real valued type1 level 1 fuzzy sets satisfies only
the properties of a commutative monoid with
respect to multiplication operation.

To confirm Distributivity of multiplication
operation over addition operation
a.(b+c)=(7,04) (3 + 5min(0.6,0.2))
=(7(3 + 5),min(0.4, (0.6,0.2)))
=(7(3) + 7(5)), min((0.4, 0.6), (0.4,
0.2))
= (7(3), min((0.4,0.6)) + (7(5),(0.4,0.2))
=a.b+arc

This shows that the multiplication
operation is distributive over addition operation on
the elements of real valued type 1 level 1 fuzzy
sets.

RESULTS AND DISCUSSIONS
Set of elements of real valued type 1
level 1 fuzzy sets satisfies the following properties
(i) It forms an Abelian group with respect to
addition operation
(i) Itis a commutative monoid with respect to
multiplication operation
(iii) Its multiplication operation is distributive
over its addition operation
(iv) Its additve and multiplicative identity
elements are distinct.
Therefore, Set of real valued type 1 level 1 fuzzy
sets satisfies all the properties of a commutative
Ring with unity

Theorem:1.1

Set of real valued type 1 level 1 fuzzy
sets forms a commutative Ring with unity
Proof:
Let @, b, ¢ be three elements in the set of type 1
level1 fuzzy sets A such that,
a=(x,m;) b=(y,m,) ¢=(z,my).where,
XYy, Z€IR,my,mym; €[0,1].

We want to show that:

(a)With respect to addition operation
(Ja+beA(ia+b=b+a (ii)@a+b)+c
= g+ (b + ©). (iv) There exist I, € 4 such
that a+ I, = I+ @ = a. (I, is the identity
element with respect to addition operation).
(v)For every element @ € A there exist a~*
€A suchthata+a =1,

(b) With respect to multiplication operation
()a.beA (i)a.b=hb.a (ii)(ab).c=
a. (b. ©). (iv) There exist I, € A such that
a.l, =1,. a=a. (I is the identity element
with respect to multiplication operation).
(v)For every element @ € A there exist a~*
€A suchthata.a =1,

Applying the addition operation

a+b=(x +y,min(m,,m,))

x +y€IR,sincexandy € IRand
min(m,,m, ) €[0, 1] since m; , m, €10, 1]
Therefore @ + b € A (closure property satisfied)

b+a=(y +x min(m,,m,))
= (x +y,min(my,m,))=a+b
(Commutativity property satisfied)

((x +y)+z,min ((my,m;), m3))

(@+b)+c=(x +y,min(m,,m,)) +(z,mz)
= (x+(y+ 2), min (my ,( mym3)))

=g+ (b +7)
(Associativity property satisfied)
Let1=(0, 1)
atl = (x,my) +(0.1) =(x+0, min (my, 1)) =
(X, my ) =a

Similarly, | + a= (0. 1) +(x,m;) = (0+ x, min
(1 ml 7)) = (X1 ml ) =
Therefore a+l =1+ a=a
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I=(0, 1) is the fuzzy identity element with
respect to addition operation in the set of real
valued type 1 level1 fuzzy sets.

Let a~?! be the inverse of @ such that a+a 1=l
at=1-a=(0,1)-(x,my)=(0-x,min (1, my))
= (=, min (1, my))

Therefore, set of real valued typet
level1 fuzzy sets satisfies all the properties of an

abelian group with respect to addition operation

Applying multiplication operation
a.b=(x.y,min(m; ,m,))
x.y €IRsince xandy € IR and
min(m,,m,) €0, 1] since m; , m, €0, 1]
Therefore @. b € A (Closure property satisfied)
b.a= (y.x,min(m,,m,;))
= (x.y,min(m; ,m,))=a.b
(Commutativity property satisfied)
(@.b).c=(x.y,min(m;,m;)).(z,m3)

= ((x.y) *z, min ((my , my ), m3))

= (% (y- 2), min (my ,(my,m3)))

=a. (b.c)
(Associativity property satisfied)
Letl=(1,1)
al=C,mq). (1.1) =1, min (my, 1))= (x,
m, ) = a. Similarly, I. @= (1. 1).(x,my ) = (1. X,
min (1 my )= (x,m;)=a
Therefore a.l = . a=a

I=(1, 1) is the fuzzy identity element with
respect to multiplication operation in the set of real
valued type 1 level1 fuzzy sets.

Let @~ be the inverse of @ such that @.a==
al=Ila=01,1/(xm)

=(1/x, min (1, my))

= (1/x, min (1, m,))

We observed that at x=0, % is not

defined, therefore @=! does not exists which
means some elements of the set of real valued
type1 level1 fuzzy sets have no inverses at a
certain pointin IR. Therefore, inverses of elements
in the set of type 1 level 1 fuzzy sets does not
generally exists. Therefore, set of real valued
typel level 1 fuzzy sets satisfies only the
properties of a commutative monoid with respect
to multiplication operation.

To confirm Distributivity of multiplication
operation over addition operation
a. (b+7c)=(x,my) (y + z min(m,,m3))
=(x(y + z),min(my, (m;,m3)))
=(x.y +x.2),min((my,m;), (my, m3)))
= (xy, min((my, my)) + (x.z, (my, m3))
=a.b+a.c

This shows that the multiplication
operation is distributive over addition operation on
the elements of real valued type 1 level 1 fuzzy
sets.

CONCLUSION

We have seen that algebraic structures
such as Semigroups, Monoids, Abelian groups
and Rings can be constructed using the elements
of real valued type 1 level 1 fuzzy sets.
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